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If G is a group we write J(G) for the set of isomorphism classes of finite 
homomorphic images of G. 2, stands for the class of finitely generated torsionfree 
nilpotent groups of nilpotency class 2. The purpose of this paper is to investigate 
groups in the class 2, having the same finite homomorphic images. 
P. F. Pickel has proved in [7] that if G is a finitely generated nilpotent group 
then the finitely generated nilpotent groups H which satisfy J(G) = J(H) lie 
in only finitely many isomorphism classes. Non-torsionfree finitely generated 
nilpotent groups of class 2 having the same finite images have been given by 
G. Baumslag in [l]. Moreover, there exists an example due to V. N. 
Remeslennikov [8] of two finitely generated torsionfree nilpotent groups of 
class 4 having the same finite images. The gaps are closed by: 
PROPOSITION A. Let TZ be a natural number. There exist pairwise nonisomorphic 
groups G, ,..., G, E 2, such that 
(i) J(G) = *.. = J(G), 
(ii) every Gi is a subgroup of GL,(E), 
(iii) every Gi has Hirsch number 6, 
(iv) G; = C(G,) for i = I,..., n. 
Here we use G’ for the commutator subgroup and C(G) for the center of a 
group G. The Hirsch number of a finitely generated nilpotent group is the sum 
of the E-ranks of its central factors. 
We give now examples of the groups constructed in Proposition A by writing 
down presentations for two of them: 
PROPOSITION B. Let 
G,=(g,,g,,g,,g,l[g,,g,l =ks,d =I; 
kz 3 831 = k1 > hIi kz 9 &I = [&!I Yic; 
[w, [w’, w”]] = 1 VW, w’, w” E G,), 
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G,=(g~,g,,g3,gqI[g~,g*l=[g3,g41=1; 
kz 9 g31 = kl 9 m&5 3 &I-5 kz 7 Ad = k1 9 &I[& 7 kdl-“; 
[w, [w’, w”]] = I VW, w’, w” E Gz). 
Then 
(9 Gl , G E 2, , 
(ii) Gl is not isomorphic to G, , 
(iii) 3(Gi) = J(GJ. 
If G is a group and g, h E G then we write [g, h] = ghg-lh-I. 
We add some positive results on groups in 2, having the same finite images. 
PROPOSITION C. Let Gl , G, E 2, such that 
(i) C(G,) is cyclic, 
(ii> J(G) = J(G). 
Then Gl s Gz . 
Proposition C contrasts with the examples of G. Baumslag in [l]. 
If n is a natural number we write F, for the free nilpotent group of class 2 on n 
generators. Closely related to Proposition C is: 
PROPOSITION D. Let Gl , G2 be jinitely generated nilpotent groups, such that 
(i) there is a natural number n, so that Gl s FJN where N < C(F,J is 
cyclic, 
(ii> J(Gd = J(GJ. 
Then G, E G, . 
The following Proposition also shows that the groups constructed in Proposi- 
tion B are minimal. 
PROPOSITION E. Let Gl , G, be in 2, , such that 
(i) the Hirsch number of G, is smaller or equal to 5, 
(ii> J(GJ = J(G). 
Then Gl g Gz . 
By the way, it is an easy exercise to prove for two finitely generated abelian 
groups A, B that 
A z B o 3(A) = J(B). 
We shall use this several times without stating it. The proofs of Propositions C, 
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D, E will be done by essentially classifying all isomorphism types of groups 
considered. 
We now start to give the constructions used to prove Propositions A and B. 
The rings we consider will always be commutative and have a unit; all modules 
will be unitary. If RI , R, are two Rings with modules MI , Mz and #: R, -+ R, 
is a ring homomorphism we say that a Z-linear isomorphism 6: MI + n/r, is 
@semilinear if 
Qm> = w e4 for Y ERR, meMI. 
Now let R be a ring and M and R-module, and put 
r(R, M) : = , Y E R; m, , m2 e M 
I’(R, M) is a group under the usual matrix multiplication. If M is an ideal in 
R, T(R, M) is a subgroup of GL,(R). C oncerning the structure of I’(R, M) we 
note: 
LEMMA 1. Let R be a ring and M be a nonzero R-module, then 
(i) if M is a faithful R-module, then C(r(R, M)) = r(R, M)’ g M, 
I’(R, M)jT(R, M)’ E R @ M as abelian groups. 
(ii) T(R, M) is nilpotent of class 2. 
(iii) If R+ and M are torsionfree abelian groups, then r(R, M) is torsionfree. 
(iv) I’(R, M) isjnitely generated if and only if R and M arefinitely generated 
abelian groups. 
(v) Let nl, n2 be the Z-ranks of the additive groups of R and M respectively; 
then the Hirsch number of I’(R, M) is n, + 2n, . 
(vi) Let R, , R, be two rings with modules MI , Mz . If 4: R, --f R, is a ring 
isomorphism and 6: MI -+ Mr is a +semilinear isomorphism, then r(R, , M,) is 
isomorphic to r(R, , MJ. 
Next we have to formulate the connection between nilpotent groups of class 2 
and alternating bilinear maps. By an alternating R-bilinear map over a ring R we 
understand a triple (@, M, N) where M, N are R-modules and 
is R-bilinear and alternating. 
An isomorphism of two such objects (@r , n/r,, NJ and (@.a, M2, NJ is a 
pair (8, y) where 
S:MI-+Mz and y: Nl -+ N, 
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are two R-linear isomorphisms and 
@2(% SY> = Yw? Y) for x,ySM,. 
If G is a nilpotent group of class 2 we associate to it an alternating Z-bilinear 
map by 
G -+ PC , W’(G), C(G)) 
@G(& 7 .!72) = kl 3 &I 
where [g, , g,] = gIgag;‘g$ is the commutator of any two preimages of & , & 
in G. It is then easy to prove: 
LEMMA 2. Let GI , G, E 5, , then the following two statements are equivalent: 
(i) Grr G,. 
(4 (@GI , GJC(GJ, Wd) s PO, , G2/W2), W2)). 
We now go back to our original groups r(R, I@) and clarify the connection 
between the ring R and its module M and the associated Z-bilinear map. For this 
we make the general assumptions 
R acts faithfully on M, U-1) 
R = End,(M) where R is embedded into End,(M) by r t-+ r * id, . (1.2) 
By Lemma 1 the Z-bilinear map di which is associated to S(R, M) is computed as 
@:(R x M) x (R x M)-+M, (2.1) 
@: NY1 , ml), h2 , m2N -+ w2 - r,m,forr,,r,ERandm,,m,EM. (2.2) 
The question of Z-isomorphism of two such alternating Z-bilinear maps is 
answered by 
LEMMA 3. Let R, , R, be two rings with modules MI , M2 both satisfying the 
conditions (1). Let (Qi , Ri x Mi , Mi) i = 1,2 be the Z-bilinear alternating maps 
constructed from R1, , M, and R, , M, by the formulae (2); then the following 
statements are equivalent: 
(i) (a1 , R, x MI , MI) G (Q2 , R, x M, , M,) as E-bilinear maps. 
(ii) There is a ring isomorphism 
z,b:R,+R, 
and a #-semilinear isomorphism 
y: MI--+ M,. 
166 GRUNEWALD AND SCHARLAU 
We specialize the situation now a little further. Let K be a finite Galois- 
extension of the field of rational numbers Q with Galoisgroup G. 8 is the ring 
of algebraic integers in K and J(0) its ideal class group. G operates on J(0) and we 
denote by Js(0) the quotient group of J(0) by G. Let a be an ideal of 0 then any 
O-endomorphism of a extends to a K-endomorphism of k = Q & a stabilizing 
the lattice a, hence U and its module a satisfy the conditions (1). 
LEMMA 4. Let aI , a2 be two ideals of 0 then: 
(9 ZV(~, al)) = JVYQ, 4). 
(ii) r(0, a,) s r(@I, a,) if and only ;f a,, as represent he same element of 
Jd@% 
The assumption that k is Galois’ over Q was made to simplify the statement 
of the lemma. Even if 0, ,0, are orders in non-Galois extensions of Q with 
modules Ml , M, one gets appropriate conditions for 
To prove Propositions C, D we classify the isomorphism classes of the groups 
under consideration. We follow P. F. Pickel [7] in writing Z,G for the p-com- 
pletion of a finitely generated nilpotent group G at a prime p. We use Z, for the 
ring of p-adic integers. If R is a ring then R* denotes the group of units of R. 
Let G E 5, be a group with cyclic center. We fix a generator c for C(G). By 
[3] Lemma 4.8 G/C(G) is a free Z-module of rank n say. Picking a basis in 
G/C(G) the map @, is represented by a skew symmetric matrix A. By [6] 












with ei 1 ei+r and ei # 0 for i = l,..., S. (Xt stands for transpose of X.) We put 
v(G) = (y, s, el ,..., e,) 
where r is defined in (3). The ei do not depend on the choice of the basis for 
G/C(G), a different choice of a generator for C(G) would multiply them all by - 1. 
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LEMMA 5. Let G, , G, E z2 be two groups with cyclic center and v(GJ = 
(5 T s1 9 el ,..., e,J, v(G,) = (r2 , s2 ,h ,-.-,fs,), then: 
(i) GI g G, ;f and only ;f r1 = r2 , s1 = s2 and there exist E* E P for 
i = l,..., s1 such that: 
qei = fi for all i = l,..., si . 
(ii) Z,G, E Z,G, if and onb ij rl = r2 , s, = s2 and there exist Q E Zs for 
i=l ,..., s, such that: 
ciei = fi for all i = I,..., s, . 
Let G be one of the groups considered in Proposition D, i.e. 
G = F&9 g E CP’n). 
As a basis for C(F,) we pick the commutators [xi , q], 1 < i < j 6 n, if 
Xl ,.**, x, is a free set of generators for F,, . Then 
g = lJ [Xi ) xp with a,,j E Z. 
l(i<j+ 
We associate tog the skewsymmetric matrix 
We put 
u(G) = (7, s, el ,..., e,) 
if (Y, s, e, ,..., e,) are the invariants associated to A by (3). A different choice of g 
would only multiply all e, by - 1. 
LEMMA 6. Let GI = F,IN and G, = F,IM where M, N 6 C(F,) are cyclic 
subgroups, and u(G) = (7, , s1 , el ,..., e,J, 4G2) = (r2 , s2 , fi ,..., fs,), then: 
(i) G,rG,ifandonlyif rl=r %, s1 = s2 and there exist ci E Z* for 
i = I,..., s, such that 
ciei =fi for all i = l,..., s, . 
(ii) Z,G, E Z,G, if and only ifr, = Y 2 , s1 = s2 and there exist ei E Zg for 
i = l,..., s, such that: 
eiei = fi for all i = I,..., s1 . 
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To prove Lemma 6 we need 
LEMMA 7. The natural maps of F, or Z,F,, onto their commutator quotient 
groups induce surjective maps 
(i) Aut(F,) ---f GL,(Z) 
(ii) Aut(Z,F,) + GL,(&,) 
for every natural number n and any prime number p. Here Aut(G) stands for the 
automorphism group of a group G. 
Part (i) of Lemma 7 is proved by Mostowski in [5]. 
The Proofs 
Proof of Proposition A. Let k be a quadratic extension field of Q such that 
I J(O)1 3 2n, 0 b eing the ring of algebraic integers in k. That such a thing 
exists can be seen by [2] Kap. III, Sect. 8, Satz 8. The Galois group of k over Q 
has order 2, so: JO(O) > n. Let a, ,..., a, be ideals of 0 which represents distinct 
classes of JO(O). Put 
Gi = I’(U, ai) i = l,..., r. 
By Lemma 4 the Gi are pairwise nonisomorphic and satisfy 
3(G,) = ... = J(GJ. 
Each Gi is a subgroup of G&(U). G&(B) can be embedded into GL,(Z) by picking 
a Z-basis in 0 x 0 x 0. (iv) and (v) of Proposition A are immediate by Lemma 1. 
Proof of Proposition B. Let k = Q(-5)iis then its ring of algebraic integers 
is 0’ = Z @2(-5)1/s. Let a be the ideal of 0 which is the Z-span of 2 and 
1 + (-5)li2. Then a is a nonprincipal ideal. Put: 
Gl = F(U, U) G2 = F(U, a) 
We have then taken the four obvious generators of G, and Gs and computed the 
kernels of the so defined maps F4 -+ GI , F4 + G, to get the presentations listed 
in Proposition B. Lemma 4 then proves all assertions of Proposition B. 
Proof of Proposition C. By [7] L emma I .3 we find that C(Z,G) = Z,(C(G)) 
for a finitely generated torsionfree nilpotent group G and a prime p. Hence 
J(G,) = J(GJ, which is the same as Z,G, z Z,G, for all primes p by [7] 
Lemma 1.2, implies that G, also has cyclic center. Proposition C then follows 
immediately from Lemma 5, since a rational number which is a unit in every Z, 
must be fl. 
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Proof of Proposition D. By [7] Lemmas 1.2 and 1.3, we find that J(4) = 
J(G,) implies that 
rk,G,/G; = rkaG,/G; and rkzG; = rkzG; . 
By [7] Lemma 1.1 we turthermore infer that G,/Gi is torsionfree. Hence we find 
a cyclic M < C(F,) such that 
Proposition D then follows by Lemma 6. 
Proof of Proposition E. By [7] Lemmas 1.2 and 1.3, if J(G,) = J(G,) and 
the Hirsch number of Gr is less or equal to 5, then the Hirsch number of G, is 
less or equal to 5. So let Gr , G, be two groups in 2a with Hirsch number smaller 
or equal to 5 satisfying J(G,) = J(G,). We decompose Gr and G, now as 
G, = el x A, G, = f& x A, 
with abelian groups A, , A, such that 
I C(Q : e;i / < 00 for i=l,2. 
By [7] Lemma 1.2, again J(G,) = J(G2) is equivalent to Z,G, s Z,G, for all 
primes p. The remark that for any nilpotent group G of class 2 any homo- 
morphism 
G/C(G) - C(G) 
gives rise to an automorphism of G centralizing both G/C(G) and C(G) shows, 
that 
z,G, z z,e, for all primes p. 
By [7] Lemma 1.1 we get 
for all primesp. Hence A, s A, . So to prove Proposition E, we may assume 
1 C(G,) : G; 1 < co for i=1,2. 
In case the Hirsch numbers of G1 and G, are less or equal to 4 this argument 
reduces Proposition E to Proposition C. If the Hirsch number of both Gr and G2 
is 5, the case which is not covered by Proposition C is 
rk,(G,/C(G,)) = 3 rk,(C(GJ) = 2 for i===l,2. 
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Here r/z,(A) is the Z-rank ot an abelian group A. This case we are going to play 
back to a Z-linear problem. 
Let z, , z2 be a basis for the center of Gr and let x1 , xs , xs be elements of Gl 
whose images in G,/C(G,) form a basis of this group. Note that the subgroup of 
G, which is generated by x, , x2 , x3 is of the form FJV where V is a cyclic 
subgroup of the center of F3. Hence the torsionfreeness of G1 allows us by 
Lemma 6 to pick x1 , x2 , x such that G, has the presentation: a 
G, = (x1 , xa , x3 , x1 , za ] [xa , x3] = 1; zr , zs are central; 
and similarly 
G2 zzz 
[x1 ) x2] = z+$; 
[x1 ) x2] = xpzp; 
[w, [w’, w”]] = 1 VW, w’, w” E G,), 
(x1,xz,x3,z1,zzI [x2,x3] = l;z,,z,arecentral; 
[x1 , x2] = g%$; 
[x1 , x3] = g%& 
[w, [w’, w”]] = 1 VW, w’, w” E G,). 
We associate to G, and G, now the matrices 
ai bi 




It is then easy to see that Gr is isomorphic to G, if and only if there are 
X E A2(GL,(Z)) C GL,(Z) and YE GL,(E) with XB,Y = B, . (5) 
Here As stands for the outer square of a Z-endomorphism of a free abelian group. 
For this note that if v’: F,IFi -+ F,/Fi is induced by an automofphism of F3 , 
then this automorphism induces A2p, on Fi . 
Similarly one gets: Z,G, is isomorphic to Z,G, for a prime p if and only if 
there are 
XE Aa(GL,(Z,)) C GL,(Z,) and YE GL2[Z,) with XB, Y = B, . (6) 
(6) exploited for all primes p gives, via the theorem of elementary divisors, the 
existence of 
X E GL,(Z) and YE GL,$Z) such that X B, Y = B, . (7) 
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But (Ia(GL,(Z)) is of index 2 in GL,(iZ) and 
is a representative for the non-identity coset. By possibly multiplying X with 
this representative we may assume that X is in fla(GL,(Z)) and still satisfies (7). 
A look at (5) completes then the proof of Proposition E. 
Remark. The method used here shows that any group G E 2, with Hirsch 
number 5 satisfying 
/ C(G) : G’ j < co 
is isomorphic to a group H with a presentation 
H = (x1,xa,xa,z,,z2] [~~,~a1 = l;x,,z,arecentral; 
bl 7 4 = ZIa; 
[Xl ,%I = .sd; 
[w, [w’, w”]] = 1 VW, w’, w” E H) 
with a, d E Z and a, d > 0 and a / d. The pair (a, d) is a complete set of invariants 
for the isomorphism class of H by (5) and the theorem of elementary divisors. 
Together with Lemmas 5, 6 this yields a complete classification of isomor- 
phism classes of groups in 2, with Hirsch number less or equal to 5. 
Proof of Lemma 1. All points of Lemma 1 have straightforward verifications. 
Proof of Lemma 2. Let A, B be abelian groups. H2(A, B) is the group of 
central extension of A by B. Ext,(A, B) are the abelian extensions, and Alt,(A, B) 
is the group of alternating maps 
A x A-+B. 
There is an exact sequence: 
(1) + Ext&4, B) -+ H2(A, B) - Alt,(A, B) - (l), 
where the map H2(A, II) + Alt,(A, B) is given by 
G-@c, 
if G is the extension group represented by an element H2(A, B). See [9] Chapt. 5 
for this. If A is free then 
Ext&4, B) = (1). 
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The non trivial step in the proof of Lemma 2 is to deduce (i) from (ii). We take 
groups A, B and isomorphisms 
~1: A - GlIC(Gd and I,$: B + C(G,). 
The assumption of (ii) gives isomorphisms 
8: G,/C(G,) - G,/C(G,) and Y: C(G) -+ C(‘3 
We use 6 0 v1 resp. y 0 $, to identify A with Ga/C(G,) resp. B with C(G,). 
This defines two elements of H2(A, B). It is then an obvious calculation that these 
induce the same element of Alt,(A, B). 
Proof ofLemma 3. (ii) * (i) follows by an obvious calculation. 
(i) 2 (ii). This step uses an idea which was communicated to one of the authors 
by J. Tits. Let (@, R x M, M) be one of our bilinear maps. For y E R x M put 
If x is any element of R x M we define a map 
Note that each (P~,~ is an R-linear map of yl to M. If v’o,y is bijective then for any 
ZERXM 
The subset of End,(M) consisting of all q+ 0 q~$ is an R-submodule because 
furthermore it contains id, which can be seen by taking y = (0, m) for a non- 
zero m E M and x = (1,O) E R x M. Hence by our general assumption (1) the 
set of all q~~,~ 0 P)& is End,(M). 
Let now (6, y) be an isomorphism 
(&I+ (@I , R, x Ml 9 Ml> + Pz 3 R, x M, > MA. 
We write i(pz,y 0 
Writing $I,,‘, 
ip)& for the corresponding elements of End,‘(M,) i = 1,2. 
always indicates that ivz,y is supposed to be bijective. We define 
a ring homomorphism 
Z/K R, = EndsI -+ R, = End,&Ma) by 
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It is easy to check that the so given # really is defined and given by 
#(a> = Y~~-1 for a E End,,(M,). 
It is then obvious that # is a ring isomorphism and that y is $-semilinear. 
This finishes the proof of Lemma 3. 
Proof of Lemma 4. (i) To prove (i) it is clearly enough to show 
for every integer n. Let n be a nonzero integer. The groups r(@J/nO, ui/nai) 
i = 1, 2 are finite images of P(0, ai) i = 1, 2 respectively. The kernels of the 
maps 
r(U, ai) -+ T(U/nU, a,/na,) i= 1,2 
are generated as normal subgroups by n-th powers. To prove (8) it is therefore 
sufficient to show 
(9) 
for every nonzero integer n. Lemma 1 asserts that (9) is proved once one has that 
as O/&modules for every nonzero integer n. Let now n be fixed. By [4] Theorem 
1.4, Q is a Dedekind domain. We infer from [4] Lemma 1.10 that O/no, is a 
principal ideal ring, so ar/nar is a cyclic O/na, module. Because nB annihilates 
ar/na, , we find that a,/na, is a cyclic O/n0 module. But 
Ial/nalI =n2= IB/nUl. 
Hence we have proved: 
as @/&modules. 
(ii) If a, , a, represent the same element of Jo(O) then a, , a2 are semi- 
linearly isomorphic as &modules and Lemma 1 supplies a group isomorphism 
r(U, a,) = IV3 a,). 
Assume now P(0, a,) z r(ol, a,), By L emmas 2 and 3 we get an automorphism 
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and a $-semilinear isomorphism 
y: a, + aa . 
But # extends to K = Q & 0 and a, , a, represents the same element in J,,(O). 
Proof of Lemma 5. (i) By Lemma 2, Gi is isomorphic to G, if and only if 
Do1 is isomorphic to OGa . But the conditions written down under (i) are by [6] 
Chap. 4 clearly necessary and sufficient for @,1 to be equivalent to Oc . 
(ii) By [3] Lemma 4.8 we may choose Z-bases for C(G,) i L 1,2 and 
G/C(G,) i = 1,2. By [7] L emma 1 .l, these give rise to &bases of C(Z,G,) 
i = I,2 and Z,G,/C(Z,G,) i = 1,2. 
An isomorphism of Z,G, and Z,G, induces then an isomorphism of QG1 to 
cPoz over h, . Hence by [6] Chap. 4, the conditions of (ii) are clearly necessary. If 
the conditions of (ii) are satisfied there is a matrix XE GL,(&,) where 
n = y1 + 2s1 satisfying 
XtA,X = A,, 
if Ai is the matrix representing @oi for i = 1, 2. Some elementary arguments 
show that the map Z,G, -+ Z,G, suggested by X is in fact a group isomorphism. 
Proof of Lemma 6. (i) We may clearly assume rI + 2s, = ra + 2s, = n. 
By Lemma 7 it is a necessary and sufficient condition for G, E G, that there is 
an element v E Aut(17,) with v(N) = M. Let 9 be the automorphism induced by 
9” on FJF,‘, , then v induces Asq on F,!, . Hence 
G, g G, -e+ 3~ E GL,(Z) with /&j?(M) = N. 
Let A, , A, be the skewsymmetric matrices associated to G1 , Ga by (4). It is then 
easy to see that 
G1 e G, if and only there exists an XE GL,(Z) with XtAIX = A, . 
Now(i) of the lemma follows from [6] Chap. 4. 
(ii) has the same proof as (i), only replace Z by Z, . 
Proof of Lemma 7. Z and Z, being principal ideal rings the general linear 
groups of both are generated by diagonal and elementary matrices, i.e. matrices 
having one on the main diagonal and just one nonzero offdiagonal entry. For both 
types of generators it is obvious that they lift to automorphisms of F, or Z,F, . 
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